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A complex order parameter is used for describing inhomogeneous quark condensate and its phase is decom-
posed into a regular part and a singular part. An emergent gauge symmetry is found to connect these two parts.
The singular part plays the role of an emergent gauge field while the regular part can be considered as an axionic
excitation, provided that the chromoelectric flux tube is capable of inducing a vortex configuration in the quark
condensate, with the help of axial anomaly.
INTRODUCTION
The vacuum structure of Quantum chromodynamics (QCD)
is extremely complicated. However, one of characterizing
features of the QCD vacuum, quark condensate, is usually
treated as a constant. In quantum fluids such as Bose-Einstein
condensate (BEC) of cold atoms, superfluid helium and the
Cooper pairs of electrons in superconductors, condensates are
described by macroscopic wave functions or order parameters,
which satisfy certain nonlinear differential equations such as
the Gross-Pitaevskii equation and the Ginzburg-Landau equa-
tion. Therefore it is natural to consider the possibility of in-
homogeneous quark condensate under certain circumstances.
For instance, the chiral condensate may be spatially modu-
lated at high densities (see Ref. [1] for a review). In some
flux-tube models of hadrons [2], the chiral condensate is con-
sidered strongly distorted near the hadron and vanishes inside
the hadron, which suggests a restoration of chiral symmetry in
there, provided that the chromoelectric field is strong enough
to pull the quark-antiquark pairs apart.
In this letter we treat quark condensate as a complex order
parameter and allow it to be space and time dependent. Ele-
mentary excitations might be produced in the condensate. We
consider one particular type of such excitations, i.e. quantum
vortices and associate them with the QCD flux-tube (or string)
model of hadrons. We show that such a configuration can pro-
duce axionic excitation which is coupled to the Chern-Simons
current. A phenomenological Lagrangian is proposed for such
a flux-tube model of pseudoscalar mesons.
EMERGENT GAUGE FIELD FOR TOPOLOGICAL
DEFECT
We introduce a complex scalar field operator
Φˆ(x) = Φ(x) + ϕˆ(x) (1)
to describe the quark condensate and the particle excitations.
The macroscopic wave function or order parameter
Φ(x) ≡ F(x) eiσ(x) (2)
is a complex function and F(x) and σ(x) are the magnitude
and the phase of Φ, respectively. They are related to the quark
condensate as〈
q¯iRq
j
L
〉
= −Φ(x) δi j = −F(x) eiσ(x) δi j (3)
Note that here we do not make the assumption that the QCD
vacuum has a definite parity, hence in general Φ is complex,
similar to the cases of BEC, superfluidity and superconductiv-
ity in which the order parameters are complex functions. The
chiral symmetry group is SUV (N f )⊗SUA(N f )⊗UV (1)⊗UA(1)
and N f is the number of light quark flavors. Under the UA(1)
transformation the quark fields transform as
qL → e−iξ/2qL, qR → eiξ/2qR, (4)
hence the scalar fields Φ and Φ∗ transform as
Φ→ e−iξΦ, Φ∗ → eiξΦ∗ (5)
so one can see that Φ does transform under the UA(1) sym-
metry while stays invariant under the UV (1) symmetry. We
will show later the importance of introducing a non-vanishing
phase field σ(x). For simplicity we also take one value for dif-
ferent quark condensates while in general we should treat the
Φ field as a matrix (like the chiral field in the chiral perturba-
tion theory). Suppose that as an order parameter the function
Φ is space and time dependent (due to external sources) and
described by the Lagrangian density
L0(Φ,Φ∗) = −(∂µ + iS µ)Φ∗(∂µ − iS µ)Φ − V (Φ∗,Φ) (6)
where S µ is some external gauge field or source (e.g. those
external currents used in the chiral Lagrangian approach), and
V (Φ∗,Φ) a nonlinear potential of ΦΦ∗. We begin with a de-
composition of the derivative of the phase of Φ,
∂µσ = ∂µϑ + Xµ (7)
where the scalar ϑ(x) is the smooth part of the phase function
σ and the vector Xµ the singular part. For topological defects
like vortices, a more rigorous definition for the “smoothness”
and “singularity” is
[∂µ, ∂ν]ϑ = 0, while [∂µ, ∂ν]σ = ∂µXν − ∂νXµ ≡ Xµν , 0.
(8)
hence, the tensor Xµν measures the vorticity associated with
the singularity. Note that there is a “symmetry” in the decom-
position (7) – the phaseσ is invariant under the transformation
ϑ→ ϑ + α, Xµ → Xµ − ∂µα (9)
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2where α is arbitrary smooth function. Interestingly, this sim-
ple “symmetry” leads to interpretation of the vector field Xµ as
an emergent gauge field, based on the following observation:
If we define a new order parameter, φ, with ϑ being its phase
and F its amplitude,
φ ≡ F(x) eiϑ(x) (10)
then the original Lagrangian (6) can be rewritten in terms of φ
and Xµ,
L0 = (∂µ + iS µ − iXµ) φ∗ (∂µ − iS µ + iXµ)φ + V (φ∗φ) (11)
with an emergent gauge symmetry
φ→ φ′ = eiαφ
Xµ → X′µ = Xµ − ∂µα. (12)
One can impose extra constraint(s) on the decomposition (7)
to add other feature(s) such that it will resemble Helmholtz
decomposition or things like that. In that case the extra con-
strain(s) will play the role of “gauge fixing” for the transfor-
mation (12).
All the steps above can proceed without the presence of
the external source field S µ. The emergence of the “gauge”
field Xµ seems to suggest that a theory with global symme-
try of field Φ in (6) is equivalent to another theory with local
gauge symmetry of fields φ and Xµ in (11) (taking S µ = 0
in both cases). Nevertheless, the seemingly trivial procedure
above (as it is similar to applying the gauge principle to extend
global symmetries to local ones), functions for the purpose of
separating singularities of the theory (e.g. the cores of the vor-
tices in present case) from the regular part of the phase. Such
singularities occur in real physical systems, e.g. superfluid
4He and BEC of cold atoms, where quantum vortices appear
in these quantum fluids so one has to distinguish the difference
between rotational flow and potential flow, and the difference
between turbulent flow and laminar flow in more complicated
circumstances. For quantum vortices, Xµ is further restricted
by the quantized circulation condition,∮
C
dxµXµ = 2pin (n = 0,±1,±2, . . .) (13)
As mentioned earlier the UA(1) symmetry of the model (6)
leads to an axial current
JAµ ≡ −
i
2
(
Φ∗∂µΦ − Φ∂µΦ∗
)
= F2∂µσ (14)
At classical level, it is easy to see that from (6) JAµ is con-
served. In terms of variables θ and Xµ, the conservation of
JAµ leads to (assuming an approximately constant modulus
F ≈ F0 = const.)
∂µXµ = −ϑ ≡ −∂µ∂µϑ (15)
which vanishes if we choose a gauge condition ϑ = 0 for the
transformation (9). Later we will see both conservation laws
are broken by the axial anomaly.
Defining µ2 = −∂τσ∂τσ, we introduce a 4-velocity
Uµ =
1
µ
∂µσ, UµUµ = −1 (16)
and µ plays the role of chemical potential [4]. The stress-
energy tensor can be put in the usual hydrodynamical form
Tµν = T Fµν + UµUν + p(gµν + UµUν) (17)
where  ≡ µ2F2 + V(F2) and p ≡ µ2F2 − V(F2) are the
(total) energy density and the pressure of the “fluid”, respec-
tively, and the tensor T Fµν ≡ 2∂µF∂νF − gµν∂τF∂τF vanishes
for constant F. One can compute other hydrodynamics equa-
tions (see e.g. cite) and quantities like twist tensor, shear ten-
sor and expansion scalar. Note that with the vorticity tensor
Xµν = ∂µXν − ∂νXµ one can build the vorticity scalar
ω2 ≡ XµνXµν (18)
which may work as the kinetic term for Xµ if we consider it as
an emergent gauge field and Xµν its field strength.
AXIONIC QCD STRING AND ANOMALY-INFLOW
MECHANISM
To describe an axionic QCD string we begin with the fol-
lowing effective Lagrangian,
L0eff = −
1
4
κGaµνG
aµν − ∂µΦ∂µΦ∗ − V(Φ,Φ∗)
+ q¯
[
iγµ(∂µ − igGaµT a) − gY (Φ1 + iγ5Φ2)
]
q
(19)
where Φ1,Φ2 are the real and imaginary parts of Φ, respec-
tively and the function κ = κ(|Φ|) describes the color elec-
tric and magnetic polarization properties of the vacuum sim-
ilar to the (soliton) bag or flux-tube models. For example,
κ(F) = 1 − F/F0 for the soliton bag model. For a flux-tube or
string configuration, we first need to check the boundary con-
dition of Φ. In order to describe, for instance a single straight
vortex-line configuration with winding number m ∈ Z, one
takes the amplitude and the phase of Φ to be, respectively,
F = F(ρ), σ = mθ, m = ±1,±2, · · · (20)
with boundary condition
F(0) = 0, and F(∞) −→ F0 (= constant), (21)
where ρ and θ are the polar coordinates describing the cross
section of the straight vortex line. The condition on F(∞) can
come readily from the quark condensate value, and the ques-
tion is whether F(0) = 0 can be satisfied inside the flux tube.
This has been studied before in the context of the chiral sym-
metry restoration [2]. The result is that when the chromoelec-
tric field exceeds some critical strength, (see e.g. a numeri-
cal study by Suganuma and Tatsumi [2]: Ecrit ∼ 4GeV/fm,
3E ≈ 5.3 GeV/fm > Ecrit ), the chiral symmetry is restored
inside the QCD string. The chromoelectric field in the flux
tube, if strong enough, can pull quark and anti-quark pairs
apart and hence, destroy the quark condensate. Therefore it
is possible that the quark condensate vanishes inside the flux
tube, 〈q¯q〉 = 0, while outside the flux tube the QCD vacuum
has non-vanishing 〈q¯q〉 , 0. This shows the quark condensate
may have the boundary condition of a vortex configuration.
We then assume that the vortex configuration is energetically
favored, as suggested by the appearance of the Abrikosov vor-
tices in the type-II superconductors in an external magnetic
field.
With this vortex configuration of the quark condensate Φ
and the flux-tube model for hadrons [9], the effective La-
grangian (19) now is capable of describing an axionic QCD
string. One can study the Dirac equation for the quarks with
both Φ and the gluon potentialGµ being treated as background
fields, then what follows is similar to the anomaly-inflow sce-
nario proposed by Callan and Harvey [3]. It is easy to see that
chiral zero modes of quarks are localized in the vortex, since
they have an exponential profile ψL = χL exp
[ − ∫ ρ0 F(ρ′)dρ′]
where χL is a two-dimensional spinor. The chiral zero modes
are also coupled to the gluon potential Gµ, therefore a gauge
anomaly appears in the vortex, which is cancelled by an effec-
tive action [3]
S C-S = − g
2
16pi2
∫
d4x ∂µσKµ (22)
This cancellation happens because the massive quark modes
which live off the vortex mediate an effective interaction be-
tween the quark condensate and the gluon field, which induces
a vacuum current
〈Jµaind 〉 =
g2N f
8pi2
µνρτ∂νσGaρτ (23)
Converting it to an effective action one obtains (22). With this
topological term included, the effective Lagrangian becomes
L1eff = − κ(F)/4 GaµνGaµν − ∂µF∂µF − V(F2)
+ q¯
[
iγµ(∂µ − igGaµT a) − gYFeiσγ
5]
q − F2∂µσ∂µσ
− (g2/16pi2) ∂µσKµ (24)
Due to the decomposition (7), the last term of (24) can be
rewritten as,
∂µσKµ = ∂µϑKµ + Xµ Kµ (25)
It is tempting to consider the ϑ field as an axion since it is a
well-defined smooth function. After integration by parts, the
first term becomes the familiar topological charge term,
∂µϑKµ ∼ ϑ ∂µKµ ∼ ϑGaµνG˜aµν (26)
while the second term Xµ Kµ plays a crucial role in cancelling
the lower dimensional gauge anomaly on the axionic string,
which has been demonstrated in [3]. Interestingly, Xµ con-
tains no derivative and the term Xµ Kµ cannot be integrated
by parts in the same way as the ∂µϑKµ term does. However,
when studying its gauge variation, one can integrate by parts
in the “opposite” way such that another derivative acts on Xµ
(or ∂µσ) in the form of
[∂µ, ∂ν]σ = Xµν , 0, (27)
The mathematical structure of this cancellation is the descent
equation [8], which relates the chiral anomaly in (2n+2)-
dimensions to the gauge anomaly in 2n-dimensions. Writing
the the terms in the coupling (25) in differential forms
∂µσdxµ → dσ, ∂µϑdxµ → dϑ, Xµdxµ → X, Kµ → K03 (28)
where K03 is the Chern-Simons 3-form. Under a gauge trans-
formation of SU(3)C group
δ
∫
M
dσ ∧ K03 =
∫
M
dσ ∧ dK12
= −
∫
M
d2σ ∧ K12
= −
∫
M
dX ∧ K12 (29)
where we have used the identity dσ = dϑ + X and the smooth
condition of the function ϑ(x), i.e. d2ϑ = 0. The Chern-
Simons 3-form K03 is connected to the lower dimensional
gauge anomaly K12 through
δK03 = dK12 (30)
which is one of the descent equations δK i−12n−i = dK i2n−i−1 [8]
and for a straight vortex with winding number m = 1 sitting
on the z-axis (denoted by Σ), its vorticity is given by
dX = 2piδ(x)δ(y)dx ∧ dy (31)
Thus we obtain the counter term for the lower dimensional
gauge anomaly
δ
∫
M
dσ ∧ K03 = −
∫
Σ
K12 , (32)
such that the whole theory contain no gauge anomaly.
Noticing that the quarks zero modes are also coupled to the
electromagnetic field Aµ and they lead to a gauge anomaly
with respect to the electromagnetism as well. The same
anomaly inflow mechanism applies, hence we have another
effective coupling term
SMCS = − e
2
8pi2
∫
d4x ∂µσK
µ
MCS (33)
where KµMCS = µνρτAνFρτ is the Maxwell-Chern-Simons cur-
rent. Including all relevant terms we obtain
Leff = − κ(F)/4 GaµνGaµν − 1/4 FµνFµν − ∂µF∂µF − V(F2)
+ q¯
[
iγµ(∂µ − igGaµT a − ieAµ) − gYFeiσγ
5]
q − F2∂µσ∂µσ
− (g2/16pi2) ∂µσKµ − (e2/8pi2) ∂µσKµMCS (34)
which completes our phenomenological model of an axionic
QCD string.
4APPLICATIONS AND DISCUSSIONS
For ultra-relativistic collision of heavy nuclei, net color
charges develop and are connected by flux tubes with collinear
color electric and magnetic field. For example, in [7] longitu-
dinal color electric and magnetic fields are produced after high
energy hadronic collisions. Such gauge configurations carry
topological charges (~E · ~B , 0) and lead to net chiral quark
zero modes in the flux tubes. An interesting phenomenon is
the chiral magnetic effect (CME) [5, 6] - charge separation can
occur in a background (electromagnetic) magnetic field, and
consequently, an electromagnetic current is generated along
the magnetic field. Our effective Lagrangian (34) can be used
to study these phenomena as well, e.g. one can readily derive
a modified Maxwell equation based on (34)
∂µFµν = Jν − e
2
2pi2
∂µσ F˜µν (35)
and the induced current ~J ∼ −σ˙~BM agrees with [5, 6].
The vortex configuration and the effective coupling ∂µσKµ
also allows us to address the UA(1) problem [11] in a simi-
lar way as it has been done in Ref. [13, 14] with membrane
(domain wall) configuration. The essence is the localization
of chiral zero modes on topological defects such as vortices
and domain walls. The instanton approach [12] and its exten-
sions (e.g. instanton gas and liquid [15]) also have this feature.
Once the Chern-Simons current Kµ is produced, one can use
the anomalous Ward identities [16] for singlet and the mix-
ing of the “ghost pole” of the correlator 〈KµKν〉 [17] and the
Goldstone pole lead to the correct η′ mass. One may specu-
late that the vortex excitation considered in this letter, reflects
the collective motion in the quark condensate and cost cer-
tain amount of energy which contributes to the η′ mass, while
for other octet pseudoscalar mesons such vortex excitations
do not occur, otherwise their associated axial currents would
have been affected by the anomaly as we have shown from the
above axionic string model. Moreover, flux-tube models seem
to have the advantage of directly addressing the confinement
problem, so we formulate our model based on the flux-tubes.
The decomposition ∂µσ = ∂µϑ+Xµ can be generalized to treat
other singularities or topological defects.
We close by pointing out that if there are several quark con-
densates separated by some junctions, each of them has a dif-
ferent phase, resembling the Josephson effect in superconduc-
tors with Josephson tunnelling junctions. The Josephson criti-
cal current ∼ cos(∆θ) may correspond to some axion-potential
∼ cos(∆σ) in QCD where ∆θ and ∆σ are their phase differ-
ences, respectively. It should be mentioned that similar idea
has appeared long time ago in Ref.[18].
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